In this paper, we prove some common fixed point theorems for pairs of point wise R-weakly commuting mappings in metric spaces satisfying a generalized φ-weak contraction condition that involves cubic terms of metric function d(x, y).
lcbel=() R-weakly commuting or R-weakly commuting of type (P) if |c − 1| ≥ 1.
In 1986, Jungck [7] introduced the notion of compatible mappings as follows: Definition 2.12. Two self mappings f and g of a metric space (X, d) are called compatible if lim n d( f gx n , g f x n ) = 0, whenever {x n } is a sequence in X such that lim n f x n = lim n gx n = t for some t in X.
In 1998, Pant [12] defined the concept of reciprocally continuous mappings as follows: Definition 2.13 ([12] ). Two self mappings f and g of a metric space (X, d) are called reciprocally continuous if lim n f gx n = f t and lim n g f x n = gt, whenever {x n } is a sequence in X such that lim n f x n = lim n gx n = t for some t in X.
If f and g are both continuous, then maps are obvious reciprocally continuous but the converse is not true.
Main Results
Let S, T, A and B be four mappings of a metric space (X, d) into itself satisfying the following conditions: Then for any arbitrary point x 0 ∈ X, from (C1) we can find an x 1 such that S(x 0 ) = B(x 1 ) = y 0 . For this x 1 one can find an x 2 ∈ X such that T(x 1 ) = A(x 2 ) = y 1 . Continuing in this way one can construct a sequence such that y 2n = S(x 2n ) = B(x 2n+1 ), y 2n+1 = T(x 2n+1 ) = A(x 2n+2 ) for each n ≥ 0.
label=(C0) S(X) ⊂ B(X), T(X)
For the convenience of the reader we are here giving detail of proof of the following lemma.
Deepak Jain, Sanjay Kumar and B. E. Rhoades Lemma 3.1. Let S, T, A and B be four mappings of a metric space (X, d) into itself satisfying the conditions (C1) and (C2). Then the sequence {yn} defined by (1) is a Cauchy sequence in X.
Proof. For brevity, we write α 2n = d(y 2n , y 2n+1 ).
First we prove that {α 2n } is non increasing sequence and converges to zero.
Case I. If n is even, taking x = x 2n and y = x 2n+1 in (C2), we get
where,
Using (1), we have
On using α 2n = (y 2n , y 2n+1 ) in (2), we have
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By triangular inequality and using property of φ, we get
In a similar way, if n is odd, then we can obtain α 2n+1 ≤ α 2n .
It follows that the sequence {α 2n } is decreasing.
Let lim
n−→∞ α 2n = r, for some r ≥ 0. Suppose r > 0; then from inequality (C2), we have
Now by using (3), triangular inequality and property of φ and proceed limits n −→ ∞, we get
Since r is positive, then by property of φ, we get r = 0, we conclude that
Now we show that {y n } is a Cauchy sequence. Suppose we assume that {y n } is not a Cauchy sequence.
For given > 0 we can find two sequences of positive integers {m(k)} and {n(k)} such that for all positive
Letting k −→ ∞, we get lim
Now from the triangular inequality we have,
Taking limits as k −→ ∞ and using (4) and (5), we have
Again from the triangular inequality, we have
Similarly on using triangular inequality, we have
Taking limit as k −→ ∞ in the above inequality and using (4) and (5), we have
On putting x = x m(k) and y = x n(k) in (C2), we get
Letting k −→ ∞, we get
which is a contradiction. Thus {y n } is a Cauchy sequence in X.
Now we prove our main result as follows: Proof. Let x 0 ∈ X be an arbitrary point. From (C1), one can find an x 1 such that S(x 0 ) = B(x 1 ) = y 0 . For this x 1 one can find an x 2 ∈ X such that T(x 1 ) = A(x 2 ) = y 1 . Continuing in this way, one can construct a sequence such that
From the Lemma 3.1 {y n } is a Cauchy sequence in X.
From the completeness of X, there exists a z ∈ X such that y n −→ z as n −→ ∞.
Moreover, since
are subsequences of {y n }, we obtain
Since B and T are compatible pair of reciprocal continuous mappings.
We get Bz = Tz.
Since T(X) ⊂ A(X), there exists a point w in X such that Tz = Aw.
Setting x = w and y = z in (C2), we get
which implies that
which implies that Sw = Tz, and hence Sw = Tz = Aw = Bz.
The pointwise R-weak commutativity of B and T implies that there exists an R > 0 such that d(BTz, TBz) ≤ Rd(Bz, Tz), which implies that BTz = TBz and TTz = TBz = BTz = BBz.
Similarly, the pointwiseR-weak commutativity of A and S implies that there exists an R > 0 such that
which implies ASw = SAw and AAw = ASw = SAw = SSw.
Again putting x = w and y = Tz in (C2), we get
, which implies that
Hence Tz = TTz. Thus Tz = TTz = BTz, and Tz is a common fixed point of B and T.
Again putting x = Sw and y = z in (C2), we get
where m(ASw, Bz)
Hence Sw = SSw. Thus Sw = SSw = AAw, and Sw is a common fixed point of A and S.
If Sw = Tz = u, then Tu = Bu = Su = Au = u. Hence u is a common fixed point of A, B, S and T.
Uniqueness
Suppose that v = u are two common fixed points of S, T, A and B. Proof. Let x 0 ∈ X be an arbitrary point. From (C1) we can find an x 1 such that S(x 0 ) = B(x 1 ) = y 0 . For this x 1 one can find an x 2 ∈ X such that T(x 1 ) = A(x 2 ) = y 1 . Continuing in this way, one can construct a sequence such that
By the completeness of X, there exists a z ∈ X such that y n −→ z as n −→ ∞.
Case 1.
Suppose that A is continuous. Then {AAx 2n } and {ASx 2n } converge to Az as n −→ ∞. Since the mappings A and S are R-weakly commuting of type (P), we have
From the Lemma 2.10 we get lim n−→∞ SAx 2n = Az.
Now putting x = Ax 2n and y = x 2n+1 in (C2) and proceeding limit n −→ ∞, we get
Therefore,
i.e; Az = z.
Next we shall show that Sz = z. For this, putting x = z and y = x 2n+1 in (C2) and taking limit as n −→ ∞, we get
where
Thus, d 2 (Sz, z) = 0, which implies that Sz = z. Since S(X) ⊂ B(X), there exists a point u ∈ X such that
We claim that z = Tu.
For this, putting x = z and y = u in (C2), we get
Thus we have
This implies that z = Tu. Since the pair (B, T) is R-weakly commuting of type (P), we have
R > 0 and d(x, y) ≥ 0. Hence Bz = Tz. Finally, we have
This implies that z = Tz. Hence z = Bz = Tz = Az = Sz. Therefore, z is a common fixed point of S, T, A and B.
Case 2: Suppose that B is continuous. Then we can obtain the similar result by using Case 1.
Case 3:
Suppose that S is continuous.
Then {SSx 2n } and {SAx 2n } converge to Sz as n −→ ∞.
Since the mappings A and S are R-weakly commuting of type (P), we have d(AAx 2n , SSx 2n ) ≤ Rd(Sx 2n , Ax 2n ).
From the Lemma 2.10, we get lim n−→∞ ASx 2n = Sz.
Now putting x = Sx 2n and y = x 2n+1 in (C2) and proceeding limit n −→ ∞, we get
Therefore we get
We claim that z = Tv.
For this, putting x = Sx 2n and y = v in (C2), we get
Therefore, we get
This implies that z = Tv.
Since (B, T) is R-weakly commuting of type (P), we have
But R > 0 and d(x, y) ≥ 0. Hence Bz = Tz. Finally, we have from (C2),
which gives z = Tz. Since T(X) ⊂ A(X), there exists a point w ∈ X such that z = Tz = Aw.
We claim that z = Sw.
To establish this, putting x = w and y = z in (C2), we get Hence z = Az = Sz = Bz = Tz, and z is a common fixed point of S, T, A and B.
Case 4: Suppose that T is continuous. Then we can obtain the similar result by using Case 3.
Similarly we can complete the proof when T is continuous.
Uniqueness
Suppose that z = w are two common fixed points of S, T, A and B.
Putting x = z and y = w in (C2), we get This completes the proof. Let us consider a sequence {x n } with x n = 2. It is easy to verify that all the conditions of Theorem 3.1 are satisfied.
In fact, 2 is the unique common fixed point of S, T, A and B.
